I. INTRODUCTION
A frequently used method for generation of terahertz wavelengths is based on transition radiation. A relativistic beam impinges a metal foil at 45 degrees and the radiation is collected and focused onto an image plane at 90 degrees relative to the beam orbit. While there are computer codes available to calculate the electric field at the focus [1, 2] , it is desirable to have a simple theory that would allow a quick estimate of the fields and provide scaling relations between the beam parameters and those of the radiation. The goal of this paper is to develop such a theory. It follows the original calculations done by Lebedev [3] and Loos [4] and extends those from the frequency to the time domain.
While in reality the transport line for the THz radiation may have several focusing elements, to simplify analysis, we consider the setup shown in Fig. 1 with a single lens that provides the focusing. The numerical aperture of the lens θ a is assumed to be much larger than the inverse gamma factor, θ a 1/γ.
II. TRANSITION RADIATION FROM METAL SURFACE
To calculate the radiation field we use the standard approach based on the vectorial diffraction theory [5] [6] [7] . To avoid unnecessary geometric complica-
tions, we will actually analyze the case of backward transition radiation shown in Fig. 2 , which is equivalent to the real setup of Fig. 1 transverse size of the foil is large enough and carry out integrations in the foil plane from minus to plus infinity. The lens is assumed to be infinitely thin. In what follows, we neglect the transverse size of the beam (but take into account its finite length).
All fields are assumed to have the time dependence ∝ e −iωt . The electric field E rad (r ) in the plane of the lens at distance l 1 from the foil is given by the following equation,
where r = (x, y) is the two-dimensional vector in the plane of the metal (see 
where we assumed that l 1 is much greater than the transverse size of the lens.
In the small-angle approximation Eq. (1) can be simplified,
Considering (3) as a 2D Fourier integral we can use the inverse Fourier transform to express E through E rad ,
We first consider radiation of a single electron in the bunch that hits the metal at the origin of the coordinate system. The reflected field on the surface is [5] (the minus sign is due to the requirement that the total field on the surface is zero)
with ν = r/r. It is clear that E rad is directed along r , that is E rad (r ) = E rad (r )r /r . For E rad we obtain
The integral over φ can be taken using
with the result
As we will see in the subsequent analysis, the electric field near the focus is created by the lens regions with r ∼ a or, equivalently, r /l 1 ∼ θ a . Since we assume that θ a γ −1 , it is easy to see that the main contribution to E rad (r )
in (8) comes from the integration area on the foil where r ∼ 1/θ a k. This justifies using the far-field expression (1) if the following condition is satisfied,
which we assume throughout this paper.
III. EFFECT OF THE LENS
The lens has a focal length f and radius a and is located at distance l 1 from the foil, as shown in Fig. 2 . The numerical aperture for the lens θ a is assumed small, θ a = a/l 1 1. The electric field E(R) at distance l 2 from the lens is given by the same equation (3) with the additional phase factor e −ikr 2 /2f due to the refraction in the lens [8] ,
where the integration goes over the lens aperture.
We now substitute (8) into this equation
and choose the distances l 1 and l 2 in such a way that
so that the lens images the metal plane onto the observation plane. This choice of l 2 cancels the quadratic terms in the exponent of the integrand in (11),
The integration of (13) is carried out in Appendix A with the result
where m = l 2 /l 1 is the magnification factor. Note that the field has a zero value at R = 0, reaches maximum at some finite value of R and decays with R as 1/R at large distances. The field is radially polarized.
To find the time dependence of the field we need to make the Fourier transform from ω to t and take into account the charge distribution in the bunch.
In what follows we assume a Gaussian bunch with the rms bunch length of σ z and the total charge Q. The integrand in the Fourier integral is an even function of ω, so in the Fourier transform we can replace e −iωt → 2 cos ωt and integrate over ω from 0 to infinity. The field should be multiplied by the longitudinal spectrum of the beam (Q/e)e −k 2 σ 2 z /2 . Dropping an unimportant phase factor we then obtain
Using the dimensionless variables ξ = kRθ a /m, τ = cmt/Rθ a , b = R/σ z , s = mσ z /(Rθ a ) we rewrite (15) as
IV. FIELD NEAR THE FOCUS
Near the focus the parameter s = mσ z /(Rθ a ) 1 is large and one can see that the main contribution comes from the region ξ 1 where the Bessel function can be expanded,
In the opposite limit, s 1, the main contribution comes from the region ξ 1 and we can approximate 1
The maximum field is reached at t = 0 (corresponding the the maximal peak current in the beam). To find this field we need to compute
where
with I 0 the modified Bessel function of zero order. The function G reaches maximum value G max = 0.33 at s ≈ 0.5, which gives a simple formula for the maximum field
Substituting the value s = 0.5 into (16) and performing numerical integration we find the time distribution of the electric field at the point where it reaches its maximum value. For illustration we show in Fig. 3 We rewrite the integral in Eq. (13) as follows
where in the first integral on the right hand side the integration goes over the whole plane, and in the second one the integration region lies outside of the lens aperture. The first integral can be easily computed if one notes that substituting (8) into (4) one obtains
where E is given by (5) . Hence
where µ = R/R and m = l 2 /l 1 is the magnification factor of the optical system.
In the second integral we assume θ a γ −1 and neglect γ −2 in the denominator to obtain 
where we accomplished the integration in the polar coordinate system with the angle φ between the vectors µ and r .
Combining expressions (A3)-(A5) we find
Since we are interested in the distribution of the electric field in the focus, which typically extends over the region kR ∼ 1, in the limit γ 1 we can use the asymptotic expression K 1 (kR/γm) ≈ γm/kR which gives
